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ABSTRACT

Coastally trapped Kelvin waves in a model system of a flat half-planar ocean with a high-drag region of width
L adjacent to the coast have properties that depend on L, and its drag, Do. For L less than the Rossby radius,
there is a Kelvin wave which has an attenuation coefficient proportional to L. The loss of energy in the drag
region results in a nonzero cross-shore velocity which transports energy into the high drag region. Additional
trapped waves modes are possible for larger L. At sufficiently large Do, Kelvin waves are trapped on the outer
edge of the high drag region rather than at the coast. When this occurs, there is a decrease in the attenuation
coefficient. Under conditions of large L and Dy, there are also very heavily damped Poincaré waves trapped in
the drag region. There is a Lagrangian drift at the outer edge of the high drag zone in the direction of Kelvin
wave propagation when D, is small. The Lagrangian drift can be in the opposite direction when D is large.
Comparison with coastal kelp beds, known regions of high drag, suggest that there is no effect on the propagation
of barotropic Kelvin waves but a large effect on longshore currents associated with the Kelvin wave in the drag
region. There is a potentially large effect on the propagation of baroclinic Kelvin waves as well as on the pattern
of their currents. Large drags associated with the interaction of surface waves and the benthos could extend the
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range of conditions where such effects can occur.

1. Introduction

Coastally trapped waves, such as Kelvin waves and
shelf waves, have been widely studied for the insight
that their behavior can give on coastal circulation.
Theoretical studies have examined their generation,
including by winds (e.g., Gill and Clarke 1974; Crépon
et al. 1984) and by incident plane waves (e.g., Pinsent
1972). The dissipation of Kelvin waves has also been
studied, with observations of the spatial decay of baro-
tropic Kelvin waves resuiting from bottom friction and
vertical eddy viscosity (Mofjeld 1980) and the temporal
decay of baroclinic Kelvin waves resulting from bottom
friction (Martinsen and Weber 1981) as well as from
irregular bathymetry (e.g., Mysak and Tang 1974; Pin-
sent 1972).

The kelp beds off the coast of Southern California
offer regions of drag that are greater than that from
bottom friction and in which drag occurs throughout
the water column, not just at the bottom boundary
(Jackson and Winant 1983). Simple models of internal
waves propagating in such a high drag region corrob-
orate field observations of frequency-dependent phase
speed slowing and amplitude damping (Jackson 1984).
Such a region has the potential for showing similar
effects on internal Kelvin waves. One difference be-
tween the propagation of a Kelvin wave in a coastal
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kelp bed and the situation analyzed by Mofjeld (1980)
is the finite width of the drag region in the kelp, which
should result in trapped waves with different properties
than those previously examined.

In this paper, I calculate the wave solutions for
trapped waves propagating through a narrow high drag
region next to a coastal wall in what is otherwise a
semi-inifinite region of uniform depth having no drag.

2. Theory

Consider a half-planar, density-stratified ocean of
constant depth, H. The x coordinate is perpendicular
to the coast, the y coordinate is parallel to it and the z
coordinate is vertical, positive upward. The coast is at
x = 0, with the ocean extending to x = —oo. Drag is
given by

—-L<x<0 (Region 1)

0 for

Boundary conditionsare ¥ (x =0) =0and u, v, w —>
0 as x = —oo. The strategy is to solve for wave solutions
propagating parallel to the coast in both drag and no-
drag areas and then to match the two sets of solutions
at the boundary, x = — L.

For a Boussinesq fluid, the initial equations describ-
ing the fluid are

D, for
-0 < x<—L (Region 2).

U, —fo=—pwo' — Du (1a)
v+ fu=—ppwos' —Dv (1b)
h = p.pe”' N? (10
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u,+v,=h, (1d)

where po is the equilibrium density and p is the per-
turbation density, p the perturbation pressure, f the
Coriolis parameter, 4 a small isopycnal displacement,
and N = ngzPO_l-

For normal mode solutions (see Gill and Clarke
1974, Martinsen and Weber 1981 for details):

w=3 un(x, y, )&h(z)

(2a)
n=0

=3 0a(x, 3, 6h(2) (2b)
n=0

Peo "t = 3 palx, y, )dh(2) (20)
n=0

h=3 ha(x,y, Dén(z). @d)
n=0

Separation of variables results in the eigenfunctions ¢,
being solutions of

¢+ N’c,%¢,=0 (3)

subject to the boundary conditions of ¢}, — gc, ¢,
=Qatz=0and ¢, = 0at z=—H, where ¢, is the
eigenvalue of (3).

The barotropic mode, n = 0, has a solution of ¢,
=1+ zH™, ¢y = (gH)'/?. Making the rigid-lid ap-
proximation for the higher, baroclinic, modes, ¢, = 0
at z = 0, and assuming the N is constant yields the
solution:

¢n = sin(Nc,”'z) (4a)

¢, = NH(nx)™! =1,2,3,+++. (4b)
Completing the separation of variables procedure,
eliminating p, = ¢,*h,, nondimensionalizing the result
by using £~ for the time scale and the internal Rossby

radius, a, = c¢,.f ', for the length scale, and denoting
the’dimensionless parameters with a prime yields

u,—v =—-hl, — D'v (5a)
v+ u' = —h}, — D' (5b)
hy = —u — v}, (5¢)

Primes will be assumed for the rest of this paper unless
otherwise noted.

Solving for wave solutions decaying in space (sce
Appendix), u, v, h = U, V, Z(x)x e ® ) with
real, k complex, vields the dispersion relationship,

0 =[w%k*+ (1 — w?)wwr — kx,w] tanhk, L
+ (k0w — kK)kwe.  (6)

In region 1, where wg = w + iD,,

k2 =k + wwr ' (1 — wg?) (7a)
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Z1 = A[e"* + (wgx, — k) wgky + k) 'e™*]  (Tb)
U, = 2iA(1 — wg?) ™" (wek; — k) sinhk; x (7¢)
Vi =—A(1 — wg?) " [(kwg — x1)e*
+ (kwg + k) (wpky — k) (wgk; + k) le™@*].  (7d)
In region 2, |
k2 =k*+(1 — w?) (8a)
o= eWm L[] 4 (wpky — k)(wgky + k) e L] (8b)

Z, = Aae (8¢c)
U, = idae™™ (1 — w?) " N(wky — k) (8d)
Vy = —Aae”* (1 — w?) Y(kw — k3). (8e)

A nondimensional energy flux, F = ‘(Fx, F,), can be
defined as

F=(u’+ 0V, +hv, 9)
where v, = (u,, v,). The result is (see (A17) in the
Appendix) :

Fy/Fy = T cos(v)(¥ cos(¢))~". (10)

a. Approximate solutions for small L

For sufficiently small L, tanhk; L ~ «, L and w > Ds.
It is easy to show (Appendix ) that

k=w+ iDoL (11a)
k=1- é Do(w + w™') (11b)
k3 =1 + iDowL (llC)
Fx/Fy = DoL. (11d)

To first order, the drag does not effect the alongshore
phase speed of Kelvin wave or its cross-shore decay.
The effect of drag is to decrease the amplitude of the
wave as it propagates along shore, to cause a retardation
of the wave phase velocity going cross-shore within the
drag region and an advancement further offshore. The
alongshore damping is independent of frequency. The
cross-shore phase change is a function of frequency.
For Dy » w, low order terms become.

k=w+iw?Dy'L (12a)
Ky = iV 2 Dyl /2 (12b)
k=14 iw*Dy 'L (12¢)
Fy/F, = &*Dy"'L. (12d)

b. Approximate solutions for large L

For sufficiently large L, tanhk; L ~ 1 and (6 ) reduces
1o

0 = w?+ (1 — w))wwr — kkxw + (kaw — k)K1wE.

(13)
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1) 'EXPANSION IN w!/2 FOR SMALL w

There are two different solutions (Appendix), de-
noted as cases 1 and 2, respectively. Setting terms of
higher order in ¢ = w'/? yields for case 1 to order ¢,

k = (iDo)'?w'’? + (2iDy) " ?w3/? (14a)

Ky = 12Dy 112112
+0.5i'2Dy" /2212 + Dg2 — 1)w?? (14b)
k2 = 1 + 0.5iDgw. (14c)

Similarly, for case 2, the results to order ¢* are

k= (iDy'w)'"* + w (15a)
k1 =i"%w"2Dy'? + iDy'w (15b)
k2 =1+ 0.5iDg 'w. (15¢)

2) EXPANSION IN Dy FOR SMALL D,

If the asymptotic expansion is made in terms of ¢
= Do, K2 = K20 + K21€ and KIWE = K20 + K1,1€ where
K20 = (ko’ + 1 — w?)!/2,

Equating terms of order ¢° to 0 yields 3 solutions
for ky: ko = w, (w? — 1)"/2, and —(w? — 1)'/2. Higher
order terms cannot be fit to the second and third so-
lutions, so they are rejected. Solving for higher order
terms for the remaining solution yields, to order e,

k= w+ 0.5iDy (16a)
K =1—0.5iw"' D, (16b)
k2 = 1 + 0.5iwDy. (16¢)

3. Discussion

The asymptotic solutions for small L, (11-12), pro-
vide good approximations to the dispersion relationship
for a large range of frequencies and drag coefficients,
as for the case of L = 0.1 (Fig. 1). The one solution is
a drag-modified Kelvin wave, Drag introduces a non-
zero attenuation coefficient, k;, proportional to L at
lowest order, proportional to Dy for w > D, and in-
versely proportional to D, for w < Dy. The value of k;
is greater for smaller D, at low frequencies and for
larger D, at high frequencies (Fig. 1b). The value of
k, is always greater than w, being greatest for largest D,
(Fig. 1a). Values of k, converge to (L + 1)w as w —>
0 for all Dy. Because k, is always greater than w, the
phase speed in the y direction is slower than that for
the drag-free phase speed (w/k, < 1). Larger drag and
larger L lead to greater slowing.

The offshore decay coefficient outside the drag re-
gion, «,,, is greater than or equal to 1, the value for the
non-drag case (Fig. 1e). Increasing Dy and w increases
K2y, effectively trapping the wave more tightly against
the coast.

The cross-shore decay coefficient within the drag re-
gion, «;,, goes to zero as w —> 0 (12b) (Fig. 1c). At
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FI1G. 1. Nondimensional dispersion curves for L = 0.1, Decreasing
dash size indicates increasing drag, with D, = 0.1, 0.25, 0.5, 1.0, 2.5
and 5. Real and imaginary parts of k/w (A and B), x, (C and D),
and «, (E and F) as functions of frequency, w. Note that for a Kelvin
wave without drag, k/w =k = 1.

higher frequencies, «,, has a value almost 1 for small
Dy, becoming greater than 1 for larger Dy. Despite the
large values of «;,, there is little change in the relative
magnitude of Z between the inner and outer bound-
aries of the drag region because of the small L (Fig.
2). Contour lines of Z show little effect of the drag
region for small or large Dy (Fig. 3). Values of V, how-
ever, do show the effect of large Dy (Fig. 4). There is
a sharp decrease of currents within the drag region rel-
ative to those outside.

The inverse relationships of Dy on k and «, for the
large Dy/ w solution indicates that, for sufficiently high
drag, the Kelvin wave is trapped at the outer edge of
the drag region rather than at the coast. Thus, while
coastal drag causes attenuation of coastal Kelvin waves
for small values of Dy/w, it causes an expulsion of the
Kelvin wave from the drag region at large values.

For larger L, there can be multiple solutions for a
given set of conditions. As L —» oo, the asymptotic
expansion in w shows a second trapped wave solution
(14-15). To understand the significance of the second
solution, note that the angle of the wave relative to the
coast (y-axis) outside the drag region is given by 6
= tan "' (k,/x;) and the alongshore attenuation coef-
ficient by k;. To lowest order in w'/2, the attenuation
coefficient is (Dow/2)'/? for case 1 and [w/(2D,)]'/?
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FiG. 2. Ratio of vertical displacement height at outer edge of drag
region to that at the coast. Lines coded as in Fig. 1. A-L = 0.1, B-
L=1. :

for case 2; tanf is [2/(Dow)]'/? for case 1 and (2D,/
w)'/? for case 2. Thus, as Dy = oo, k; = oo and § = 0
for case 1 and k; = 0 and § — =/2 for case 2. Case 1
represents a solution in which the wave is trapped in
the high drag region, where larger D, causes greater
flow of energy toward region 1 and damping of the
wave over shorter distances. In contrast, case 2 repre-
sents a Kelvin wave trapped against the drag region
rather than the coastal boundary. Greater drag de-
creases the coupling bétween the two regions, making
the coastal boundary look more like the boundary at
x = — L rather than the coast at x = 0. _
Numerical calculations show that there are addi-
tional solutions for sufficiently large but finite L and
Dy. Such extra solutions exist for L' = 1, Dy = S but
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not for L = 1, Dy = 2.5. The additional waves are
multiple modes of internally trapped waves propagating
(and decaying) in + and —y directions (Fig. 5), with
values of «,; L differing by multiples of 7. Such behavior
is similar to that of Poincaré waves trapped in a chan-
nel, with the trapping here caused by the boundary
between high and low drag regions rather than standard
solid boundaries in channels (e.g., Gill 1982). This
trapping explains why such waves are not found in the
solutions for small L (11-12). The generally smaller
values of |k,| at a given w for these Poincaré waves
(Fig. 5) are similar to these for waves on a shelf cal-
culated by Munk et al. (1970). Higher order Poincaré
waves have smaller values of |k,| and larger values of
| k;|, having faster alongshore phase speeds and higher
attenuations. Value of &, for the Kelvin wave is similar
to that of the lowest order positive internally trapped
wave but its value of k; is much smaller. Thus, the
Poincaré waves are more highly damped than the Kel-
vin wave.

The value of «;, is much smaller for the Poincaré
waves, being nearly zero for the higher modes (Fig. 5). .
The values of «,; are similar for the Kelvin and lowest
order positive Poincaré waves, although the values for
the Kelvin wave decrease for small w. The magnitude
of the «,; is nearly the same for comparable modes of
the positive and negative Poincaré waves and almost
constant over the frequency range, although there is a
sign reversal for at least part of the negative Poincaré
waves (Fig. 5d). Values for «,; for successive modes
when L = 10 and L = 20 differ by /L (not shown),
substantiating this interpretation. Further discussion
in this paper emphasizes the Kelvin wave solutions
because they dominate in the region of smaller L be-
cause they have smaller attenuation coefficients.

For D, between 0.1 and 2.5, the Kelvin wave solu-
tions for L = 1 are similar if larger than those for L
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F1G. 3. Isopleths of vertical displacement, Z, for L = 0.1, w = 2 with D = 0.1 (A)
and 5.0 (B). Note that the x and y scales differ. Vertical line is at x = — L. Dashed

lines indicate negative values of Z.
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LONGSHORE VELOCITY COMPONENT, V

-.50 -.25
T N

0 -75

=50

.

-0

X

FIG. 4. Isopleths of longshore velocity, V, for L = 0.1, @ = 2 with D = 0.1 (A) and
5.0 (B). Note that the x and y scales differ. Vertical line is at x = — L. Dashed lines

indicate negative values of V.

= 0.1 (Fig. 6). For this range of D,, the low frequency
values of k./w converge, although on the larger value
of 2. Values of k,/w, always greater than 1, are greater

FIG. 5. Real and imaginary values of k (A, B), «; (C, D) and «,
(E, F) for the Kelvin wave (K ) and three lowest order positive (P,*,
P,*, P;*) and negative (P,~, P,~, P;~) Poincaré modes for L = 1, D,
= 5. Values for k, and k; were calculated by numerical solution of
(6). Initial guesses for the 6 Poincaré modes were made using graphs
of the zero contours value of the real and imaginary components of
the dispersion relationships at w = 2.

at a given frequency for larger D, (Fig. 6a). Values of
k;/w all approach 0 as w — 0, all peak at about k;
= 0.45w. The value of w at the peak increases with
larger Dy. Values of «,, approach 0 as w decreases, ap-
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F1G. 6. Nondimensional dispersion curves for L = 1. Decreasing
dash size indicates increasing drag, with Dy = 0.1, 0.25, 0.5, 1., 2.5
and 5. The Kelvin wave is shown for the Dy = 5 case. Real and
imaginary parts of k/w (A and B), «; (C and D) and «, (E and F)
as functions of frequency, w. Note that for a Kelvin wave without
drag, k/w=x=1.
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proach 1 and may slightly exceed it as w increases. The
values of k,, and k,; increase with increasing w and Dy.
The patterns for L = 1 on k, , and «, are similar to
those of L = 0.1, although the size of an effect may be
larger. ‘

The Kelvin wave solution for Dy = 5 shows a dif-
ferent pattern than those for smaller D,. Values of k

-and «, are between those for Dy = 2.5 and 1.0 rather
than being larger. Values of x;, far exceed 1 for large
w. Magnitude of vertical displacement, | Z |,atx = —1
is less than that at x = O for the Dy = 0.1, 0.25, 0.5
and 1, about equal at small w for Dy = 2.5, and larger
for D, = 5 (Fig. 2b). For the extreme value of Dy = 5,
the maximum value of Z occurs at the outer edge of
the drag region. This Kelvin wave is trapped there
rather than at the coast. The outer edge of the drag
region partially replaces the coast as the boundary. Be-
cause more of the wave is outside of the drag region,
the attenuation coefficient of the wave is lower and its
phase speed higher than those for some lower drag
cases.

Contour plots of Z and ¥V emphasize this. The Kelvin
wave with Dy = 0.1 and L = 0.1 shows the expected
trapping of the wave against the coast (Figs. 2, 3). The
principal Kelvin wave with Dy = 5.0 and L = 1 is

JOURNAL OF PHYSICAL OCEANOGRAPHY

VOLUME 18

trapped at the outer edge of the drag area, not at the
coast (Fig. 7a). Currents within the drag region are
weaker and out phase with those offshore (Fig. 8a).
The first mode positive and negative Poincaré waves
are predominantly contained in the drag region (Fig.
7b, ¢, 8b), as is the second mode positive Poincaré
wave (Fig. 7d).

LeBlond (1978), examining wave propagation, dis-
tinguished between frequency regions where D > w
and those where w < D, noting that (1) is more diffusive
than wavelike when drag is very large. Part of this dif-
fusive nature is a dependence of the wave parameters
on w'!/?, Kelvin wave propagation along a finite width
drag region is more complicated, but the distinction
between small and large Dy/w is important and has
been exploited in the asymptotic solutions. Where D,/
w is small and the asymptotic solution in Dy is appro-
priate, the dispersion relationships for the Kelvin wave
for large and small L are similar (11, 16). The solution
for large L acts as if L = 0.5 in the solution for small
L. For large D,/ w, the solutions for large and small L
are more complicated. The large L case, with its de-
pendence on the w'/? has aspects of the diffusive nature
noted by LeBlond (1978) and Mofjeld (1980). How-
ever, the Kelvin wave trapped outside the drag region
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Fi1G. 7. Isopleths of vertical displacement component, Z, for different modes with
L =1, Dy = 5. A—Kelvin wave (K); B—first negative Poincaré mode (P,); C—first
positive mode (P;*); D—second positive Poincaré mode (P,*). Vertical lines are at x
= — L. Dashed lines indicate negative values of Z.
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LONGSHORE VELOCITY COMPONENT, V
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FIG. 8. Isopleths of longshore velocity, V, for different modes with L = 1, Dy = 5.
Left: Kelvin wave (K); right: first positive Poincaré mode (P,*). Vertical lines are at
L = 1. Dashed lines indicate negative values of V.

(case 2) loses its diffusive character for increasing drag
because the w'/? term in (15) is inversely related to
Dy. This expulsion of the Kelvin wave from the high
drag region limits the extent that the drag region can
modify the longshore propagation of the Kelvin wave.
Such limits do not extend to the effects of drag on
currents within the drag region.

The high drag region acts as a sink for the energy in
wave motions, even for small L. Energy and momen-
tum flow toward the coast from offshore. The energy
flux into the drag region relative to that along the coast
equals k; for small L (11, 12). One consequence of this
flow is a Kelvin wave having nonzero U, unlike Kelvin
waves propagating in uniform or zero friction (Mofjeld

© o o o o
- N W S [0)}
T T

Polarization angle (7r)

o
o

X

F1G. 9. Polarization angle of current ellipse as a function of offshore
position for L = 1. Shown are angles for Dy = 5 (solid line) and D,
= 0.1 (dashed line). The major axis of the current ellipse parallel to
the coast has a polarization angle of 0. Maximum polarization angle
is 1.04 radians at x = —0.65 for Dy, =1 and 0.043 radians when x
< —1. for Dy = 0.1.

1980, Martinsen and Weber 1981). The resulting cur-
rent ellipses have major axes which rotate through the
drag region (Fig. 9). Near x = 0, ¥ = 0 and the major
axis is parallel to the coast. With greater —x, the ro-
tation angle increases. For L = 1, Dy = 0.1, the max-
imum rotation is small, about 0.043 radians, and occurs
outside the drag region. For larger drag (L = 1, D,
= 5), the maximum axis is rotated by 1.04 radians in
the middle of the drag region. In the nondrag region,
the rotation is less, a constant 0.54 radians.

Within the drag region, the phase of an onshore lo-
cation leads that of the one further offshore (Fig. 10a).
This is similar to the situation for the uniform drag
situation of Mofjeld (1980). However, outside the drag
region the situation is reversed (Fig. 10b).

The Lagrangian motions associated with these waves

O0.5F T —— A 0.0
. A:L=0.1 i

0 (n)

8, (m)

8, at X

FIG. 10. Angle of cophase lines of Z = 0 in region 1 at x =0
(A, C) and in region 2 (B, D). A,B—L = 0.1,C,D—L = 1.0.






