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need not have a unique length associated with it. Aggregates
Fractal scaling is usually presented as a relationship between formed in such systems should have the increasing porosity

aggregate mass and length. Such scaling can also be expressed as as a function of size characteristic of fractal scaling. Unfortu-
a relationship between the lengths of two particles that collide and nately, the scaling rules derived from monodisperse systems
the length of the resulting aggregate. Emphasizing fractal scaling

are not directly applicable to these systems.as a geometric property allows the extension of fractal description
In the development of models describing coagulation andto aggregates composed of more than one type of source particle.

the dynamics of particle size spectra, particle mass and diam-In particular, it allows the development of more complete models
eter are the two most important properties. Mass is usuallyof the role of coagulation in marine ecosystems. The classical ag-
the quantity of interest and is the property conserved ingregation equations can be modified to accommodate a two-dimen-

sional particle size spectrum. This two-dimensional set of equa- particle interactions; length determines the interactions of a
tions can be solved using a modification of the sectional approach. particle with its environment, including neighboring parti-
Because moving to two-dimensions vastly increases the number of cles. Fractal scaling provides a means of calculating a parti-
possible interactions and makes solution more computationally cle’s length from its mass for the initially monodisperse
costly, simplifications that decrease the allowable interactions con- system but not for the heterodisperse system.
siderably speed up the calculations for relatively little loss of accu- Models of aggregation in marine systems have empha-
racy. q 1998 Academic Press

sized the aggregation of marine algal blooms, systems whichKey Words: fractal; heterodisperse distribution; coagulation; ag-
should approximate monodisperse conditions (e.g., 5–7).gregation; simulations; particle size spectra; sectional approach.
The multiple particle sources evident in many marine aggre-
gates (8) suggest that theories that can describe the interac-
tions of multiple particle sources also need to be developed.INTRODUCTION
Heterodisperse sources may be needed to describe even the
simple case of algal bloom aggregation. Chemical analysesThe use of fractal scaling has been an important advance
of marine snow have shown the presence of transparent or-in describing aggregate structure. By starting with monodis-
ganic matter (TEP) which had been undetectable beforeperse particle distributions, moving particles using simple
the development of special staining procedures (9) . Suchrules, and combining particles after they collide, computer
material may result from the aggregation of colloidal organicsimulations have shown that there are simple relationships
carbon particles (10) or from mucus leakage by diatoms (9,between the length and the number of monomers (equivalent
11). In either case, TEP could alter algal coagulation ratesto mass) in simulated aggregates (e.g., 1, 2) . Among the
by increasing particle concentrations or by changing algalimplications of fractal scaling is that aggregate length in-
stickiness (11, 12). In addition, the presence of gas bubblescreases more rapidly than the cube root of aggregate mass.
within marine snow can affect coagulation by inhibiting par-The coagulation processes of differential sedimentation
ticle removal by settling from the mixed layer (13). Theseand shear coagulation are physically more complicated than
bubbles should also affect aggregate sinking rates, therebythe numerical simulations of fractal formation, which have
changing rates of aggregate collision through differentialemphasized diffusion, but experimental observations have
sedimentation.shown that aggregates formed by them have similar fractal

The importance of multiple particle sources in the aquaticscaling between mass and length (3, 4) . However, natural
environment implies that coagulation models describingsystems can have multiple sources of particles capable of
their dynamics must incorporate them as part of the fractal

coagulating with each other. A particle with a given mass
scaling relationships.

In this paper, I describe a method for extending fractal
1 To whom correspondence should be addressed. scaling considerations to describe the lengths of aggregates
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21FRACTAL SCALING FOR HETERODISPERSE COAGULATION

TABLE 1
Definition of Sectional Coagulation Coefficientsa

Symbol Range Value

i õ l 0 1, j õ l 0 1, 2 ° l ° s 01bU ijl

i ° l 0 1, j Å l 0 1, 2 ° l ° s
1

mi01ml02
*

m
i

mi01

*
m

l01

ml010mV 1

(mV 1 / mV 2)b(mV 1, mV 2)
m
V 1mV 2

dm
V 2dm

V 1

i Å l 0 1, j Å l 0 1, 2 ° l ° s
1

2m2
l02

*
m

l01

ml02

*
m

l01

ml02

(mV 1 / mV 2)b(mV 1, mV 2)
mV 1mV 2

dmV 2dmV 1

i õ l, j Å l, 2 ° l ° s2bU ijl

1
mi01ml01

*
m

i

mi01

*
m

l

ml0m
V 1

b(mV 1, mV 2)
mV 1

dmV 2dmV 1

0 1
mi01ml01

*
m

i

mi01

*
m

l
0mV

1

ml01

b(mV 1, mV 2)
mV 2

dmV 2dmV 1

i Å j Å l, 1 ° l ° s3bU ijl

1
2m2

l01
*

m
l

ml01

*
m

l

ml01

(m
V 1 / m

V 2)/b(m
V 1, m

V 2)
mV 1mV 2

dmV 2dmV 1

l õ i, j Å l, 1 ° l ° s4bU ijl

1
mi01ml01

*
m

i

mi01

*
m

l

ml01

b(mV 1, mV 2)
m
V 1

dm
V 2dm

V 1

a These have been derived from those of Gelbard et al. (16) for the case of mass conservation.

formed from source particles of different masses and lengths. limited aggregation (DLA), D may be 2.5; when initially
monodisperse particles are allowed to collide with each otherI then extend a numerical approach for calculating the tem-

poral evolution of particle size spectra for one dimension to to form a distribution of ever-increasing particle sizes, in
what is known as cluster-cluster aggregation (CCA), D maya two-dimensional approach that describes particle in terms

of both their masses and a length-related parameter. Because be 1.75 (2).
For an aggregate formed by the collision of aggregatesthe computational cost of describing particle interactions for

the two-dimensional particle size spectrum is very high, I with i and j monomers in CCA, the length of the new particle
is determined from mass conservation and Eq. [1] asalso develop a simplified description of the particle dynamics

that can save considerable computational resources. I end
with numerical calculations comparing the results from the LD

i/j Å LD
i / LD

j . [2]
new approaches.

The elimination of the constant b associated with the
monomer size suggests that Eq. [2] is an alternate statement

THEORY of fractal scaling of aggregates that is purely geometric. That
is, the length of an aggregate formed in CCA is a function

A Conservative Fractal Quantity During Collisions only of the lengths of the two particles colliding to form it,
not of their masses.For an aggregate consisting of i identical spherical parti-

Equation [2] further suggests thatcles, each of mass m1 , the aggregate length Li (usually stipu-
lated as the radius of gyration) is given by

l å LD [3]

mi Å im1 Å bLD
i [1]

is a fundamental, conserved quantity of the aggregation in-
teraction. Hence,where D is the cluster fractal dimension and b is a constant

(e.g., 2, 14). For three-dimensional particles that conserve
lij Å li / lj . [4]total particle volume when they aggregate, D Å 3. An exam-

ple of this occurs when water droplets collide and form a
new droplet. D is usually less than 3 when the particles are For the case of aggregates formed from monodisperse parti-

cles, this is equivalent to mass conservation. Where it be-solids in a fluid environment.
The value of D determined in a simulation depends on comes something new is with aggregates formed from ini-

tially heterodisperse particles, where l provides a propertydetails of particle interactions. When only monomers diffuse
to a single expanding particle, in what is known as diffusion separate from mass that is conserved as particles coagulate.
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22 GEORGE A. JACKSON

TABLE 2 The Sectional Approach to Solving the One-Dimensional
Particle Number and Mass Spectral Distributions for Different Particle Coagulation Problem

Functions f(m) and g(l)a

Gelbard et al. (16) developed a technique for solving the
one-dimensional coagulation equation [5] numerically in anf(m) g(l) n(m, l, t) q

V kl(t)
efficient manner by transforming it to a problem of solving
for the distribution of particle mass within finite particle sizem l

Qkl(t)
mml01lk01

Qkl(t)
ml01lk01 intervals, known as sections. The approach outlined here is

an application of their more generalized development for the
m ln l

Qkl(t)
mlml01ln(2)

Qkl(t)
lml01ln(2) one-dimensional equation.

Start by dividing the particle mass range m into contiguous
a The formula assume that ml Å 2ml01 and lk Å 2lk01. intervals, where the upper and lower bounds of the l th inter-

val are ml and ml01 . The particle mass distribution q(m , t)
is given by

Consider how particle 1, an aggregate composed of 106

monomers, each with m0 and L0 Å 1, has a different length q(m , t) Å mn(m , t) [7]
(L1 Å 1000 and l1 Å 106 for D Å 2) but the same mass
(m1 Å m2 Å 106) as a particle 2, a monomer with m2 Å 106

where n(m , t) is again the particle size spectrum. The total
and L2 Å 100 (l2 Å 104) . Despite having the same masses, mass concentration in the l th section Ql( t) is given by
the particles have different lengths. Aggregates formed from
the collision of two particle 1s (11) , one particle 1 and one

Ql( t) Å *
ml

ml01

q(m , t)dm . [8]particle 2 (12) , and two particle 2s (22) have the same mass
(m11 Å m12 Å m22 Å 2 1 106) but have different values of
l (l11 Å 2 1 106, l12 Å 1.01 1 106, and l22 Å 2 1 104)

Assume that q can be separated into functions of t and m :
and length (L11 Å 1.4 1 103, L12 Å 1.005 1 103, and L22

Å 1.4 1 102) . Conservation of l allows us to calculate the
q(m , t) Å q

V l( t) f *(m) [9]
lengths of the different aggregates independently of their
masses.

where f *(m) Å df /dm and ml01 õ m õ ml . SubstitutingThe standard description of particle distribution is the par-
Eq. [9] into Eq. [8] and integrating yieldsticle size spectrum n(m) , where n(m)dm is the number of

particles between m and m / dm (15). Changes in n(m)
Ql( t) Å qV l( t)[ f (ml) 0 f (ml01)]are given by

for ml01 õ m õ ml [10]

anddn(m)
dt

Å 0.5 *
m

0

b(m
V
, m 0 m

V
)n(m

V
)n(m 0 m

V
)dm

V

n(m , t) Å Ql( t) f *(m)
m[ f (ml) 0 f (ml01)]0 *

`

0

b(m
V
, m)n(m

V
)n(m)dm

V
[5]

for ml01 õ m õ ml . [11]

The development of a conserved length measure allows There are three ways collisions between particles of mass
the use of two-dimensional particle size spectrum n(m , l) , m

V 1 and m
V 2 move mass in or out of the l th section: first,

where the number concentration of particles in the range of collisions between two particles with masses below the sec-
m to m / dm , l to l / dl is n(m , l)dm dl. The extension tion lower limit (m

V 1 õ ml01 and m
V 2 õ ml01) that produce a

of Eq. [3] to include two-dimensional particle spectra is particle with a mass in the l th section (ml01 õ (m
V 1 / m

V 2)
given by õ ml) and which add both masses to the l th section; second,

collisions between one particle with mass below the lower
section limit (m

V 1 õ ml01) and one in the section (ml01 õdn(m , l)
dt

Å 0.5 *
m

0
*

l

0

b(m
V
, m 0 m

V
, lU , l 0 lU )n(m

V
, lU ) m

V 2 õ ml) which add the mass of the smaller particle to the
l th section (ml01 õ m

V 1 / m
V 2 õ ml) ; and third, collisions

1 n(m 0 m
V
, l 0 lU )dm

V
dlU between particles of any mass m

V 1 and a particle in the section
(ml01 õ m

V 2 õ ml) that removes mass by forming a particle
0 *

`

0
*

`

0

b(mV , m , lU , l)n(mV , lU ) whose mass is greater than the sectional bound (ml õ m
V 1 /

m
V 2) . The third collision type can be further subdivided into

the cases where m
V 1 õ ml01 and only some collisions remove1 n(m , l)dm

V
dlU [6]
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23FRACTAL SCALING FOR HETERODISPERSE COAGULATION

TABLE 3
Interaction Coefficients for Two-Dimensional Spectraa

1bO k1,k2,k3,l1,l2,l3 Å hl1hl2zk1
zk2 *

l
k

2

lk201

*
l

k
1

lk101

*
m

l
2

ml201

*
m

l
1

ml101

u(lk301 õ lU 1 / lU 2 õ lk3
)u(ml301 õ m

V 1 / m
V 2 õ ml3)(mV 1 / m

V 2)g*(lU 1)g*(lU 2) f *(m
V 1) f *(m

V 2)b(m
V 1, m

V 2, lU 1, lU 2)

dmV 1dmV 2dlU 1dlU 2 for (l1 x l3, k1 x k3)

Å hl1hl2zk1
zk2 *

l
k

2

lk201

*
l

k
1

lk101

*
m

l
2

ml201

*
m

l
1

ml101

u(lU 1 / lU 2 õ lk3
)u(mV 1 / mV 2 õ ml3)mV 2g*(lU 1)g*(lU 2) f *(mV 1) f *(mV 2)b(mV 1, mV 2, lU 1, lU 2)dmV 1dmV 2dlU 1dlU 2

for (l1 õ l3) and (k1 Å k3)
2bO k1,k2,l1,l2 Å hl1hl2zk1

zk2 *
l

k
2

lk201

*
l

k
1

lk101

*
m

l
2

ml201

*
m

l
1

ml101

u([mk1
õ mV 1 / mV 2] or [lk1

õ lU 1 / lU 2])mV 1g*(lU 1)g*(lU 2) f *(mV 1) f *(m
U 2)b(mV 1, mV 2, lU 1, lU 2)dmV 1dmV 2dlU 1dlU 2

for (l1 x l2) and (k1 x k2)

Å 0.5h2
l1
z2

k1 *
l

k
2

lk201

*
l

k
1

lk101

*
m

l
2

ml201

*
m

l
1

ml101

(mV 1 / mV 2)g*(lU 1)g*(lU 2) f *(mV 1) f *(mV 2)b(mV 1, mV 2, lU 1, lU 2)dmV 1dmV 2dlU 1dlU 2 for (l1 Å l2) and (k1 Å k2)

a The interactions coefficient 1bO k1,k2,k3,l1,l2,l3 is given for those interactions between particles in sections (k1, l1) and (k2, l2) which add material to compartment

(k3, l3) and 2bO k1,k2,k3,l1,l2,l3 for those interactions which remove material from (k3, l3). Calculations made assume that ml Å 2ml01 and lk Å 2lk01. hl Å [ f(ml)

0 f(ml01)]01, zk Å [g(mk) 0 g(mk01)]01.

mass from a section, where both particles are in the l th [11]) , the integrals can be solved separately from the differ-
ential equations describing Ql( t) . Solving the resulting set ofsection, all collisions remove mass and the mass of both

particles is removed, and where ml õ m
V 1 and all collisions differential equations still constitutes a substantial technical

problem.remove mass from the section. These considerations lead to
an equation describing changes in Ql as If the upper limit of a section is equal to or greater twice

the lower limit, ml ¢ 2ml01 , one of the particles in the
collision must come from either the l 0 1 or the l sectiondQl

dt
Å/ 1

2 *
ml01

m0
*

ml01

m0

u{ml01õm
V 1/m

V 2õml } for the summed mass to be within the l th section. Setting
ml Å 2ml01 , using Eq. [11] on Eq. [12] and consolidating

1 (m
V 1/m

V 2)b(m
V 1 , m

V 2)n(m
V 1 , t)n(m

V 2 , t)dm
V 2dm

V 1 terms for interactions between the same sections results in

/*
ml01

m0
*

ml

ml01

u{ml01õm
V 1/m

V 2õml }
dQl

dt
Å Ql01 ∑

l01

iÅ1

1bU i ,l01,lQi 0 Ql ∑
l01

iÅ1

2bU i ,l ,lQi

1m
V 1b(m

V 1 , m
V 2)n(m

V 1 , t)n(m
V 2 , t)dm

V 2dm
V 1

0 3bU l ,l ,lQ
2
l 0 Ql ∑

s

iÅl/1

4bU i ,l ,lQi [13]0*
ml01

m0
*

ml

ml01

u{mlõm
V 1/m

V 2}m
V 2b(m

V 1 , m
V 2)

1 n(m
V 1 , t)n(m

V 2 , t)dm
V 2dm

V 1 where s is the total number of sections, 1bU i ,j,l ,
2bU i ,l ,l ,

3bU l ,l ,l ,
4bU i ,l ,l are the sectional coagulation coefficients defined in

0 1
2 *

ml

ml01
*

ml

ml01

u{mlõm
V 1/m

V 2}(m
V 1/m

V 2) (16). Their values for the case of f (m) Å m are shown in
Table 1. The number of terms to be calculated evaluating

1 b(m
V 1 , m

V 2)n(m
V 1 , t)n(m

V 2 , t)dm
V 2dm

V 1 dQl /dt is Çs . The total number of terms that needs to be
calculated when evaluating all s derivatives is Çs 2 .

0*
ms

ml
*

ml

ml01

mV 2b(mV 1 , mV 2)n(mV 1 , t)n(mV 2 , t)dmV 2dmV 1 The transformation resulting from Eq. [11] changes the
problem of describing system dynamics from evaluating an
integro-differential equation into solving a finite number of[12]
coupled ordinary differential equations. The latter problem
can be readily solved with numerical differential equationwhere u Å 1 when the condition inside the braces is met
solvers. While there are numerous integrals to be evaluatedand uÅ 0 otherwise, s is the number of sections spanning the

range of interest, and m0 is the smallest particle considered. for the bU coefficients, the evaluations need to be done only
once as part of an initialization procedure. The result of theBecause n is defined in a piecewise manner, the integrals

in Eq. [12] can be broken into sums of integrals, each inte- sectional transformation is a quite efficient numerical
method for determining the evolution of a particle size spec-gral spanning the range of one section. Furthermore, because

the m-varying part of n(m , t) is independent of time (Eq. trum.
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24 GEORGE A. JACKSON

A Sectional Approach to the Two-Dimensional Particle the l 0 1 or l and is in the k or k 0 1 sections. As a result,
the number of interactions which affect Qkl( t) is Çs 2 . ToSpectrum
describe all the interactions, there are only Çs 4 interactions.

The equation for the development of the two-dimensional
The problem is further simplified by assuming that the upper

particle size spectrum (Eq. [6]) can be solved numerically
section bounds are twice the lower bounds (ml Å 2ml01 , lkby extending the sectional approach of Gelbard et al. (16) Å 2lk01) , although this assumption does not significantly

to two dimensions. For a particle size spectrum n(m , l, t) ,
change the outcome. The resulting equation describing the

the particle mass distribution q(m , l, t) is given by
changes in sectional concentration is

q(m , l, t) Å mn(m , l, t)
dQk ,l

dt
Å ∑

k01

k2Å1

∑
l01

l2Å1

(10 0.5dk01,k2dl01,l2)Å qV kl( t) f *(m)g *(l) [14]

where Eq. [14] assumes that q(m , l, t) can be separated 1 1bO k01,k2,k ,l01,l2,lQk01,l01Qk2,l2
into functions of t , m , and l, (ml01 õ m õ ml , lk01 õ l õ
lk) , and where f *(m) Å df (m) /dm and g *(l) Å dg(l) / / ∑

k01

k2Å1

∑
l01

l2Å1

(10 0.5dk01,k2
dl01,l2)dl. Examples are shown in Table 2.

The total mass in the interval is
1 1bO k2,k01,k ,l01,l2,lQk2,l01Qk01,l2

Qkl( t)Å*
lk

lk01
*

ml

ml01

mn(m , l, t)dmdl / ∑
k01

k2Å1

∑
l01

l2Å1

1bO k ,k2,k ,l01,l2,lQk ,l01Qk2,l2

Å*
lk

lk01
*

ml

ml01

q
V kl( t) f *(m)g *(l)dmdl / ∑

k01

k2Å1

∑
l01

l2Å1

1bO k2,k ,k ,l01,l2,lQk2,l01Qk ,l2

Å qV kl( t)[ f (ml)0 f (ml01)][g(lk)0 g(lk01)] . [15]
/ ∑

k01

k2Å1

∑
l01

l2Å1

1bO k01,k2,k ,l ,l2,lQk01,lQk2, l2

Hence, for ml01 õ m õ ml , lk01 õ l õ lk ,

/ ∑
k01

k2Å1

∑
l01

l2Å1

1bO k2,k01,k ,l,l2,lQk2,lQk01,l2

q
V kl( t) Å Qkl

[ f (ml) 0 f (ml01)][g(lk) 0 g(lk01)]
[16]

/ ∑
k01

k2Å1

∑
l01

l2Å1

1bO k ,k2,k ,l ,l2,lQk ,lQk2,l2

n(m , l, t) Å Qkl( t)
f *(m)

m[ f (ml) 0 f (ml01)]
/ ∑

k01

k2Å1

∑
l01

l2Å1

1bO k2,k ,k ,l ,l2,lQk2,lQk ,l2

1 g *(l)
[g(lk) 0 g(lk01)]

[17]

0 Qk ,l ∑
kmax

k2Å1

∑
lmax

l2Å1

2bO k ,k2,l ,l2 Qk2,l2 [19]dQk ,l

dt
Å 0.5 ∑

k

k1Å1

∑
k

k2Å1

∑
l

l1Å1

∑
l

l2Å1

1bO k1,k2,k ,l1,l2,lQk1,l1 Qk2,l2

where the factors with dk01,k2
, dl01,l2 ( the Kronecker delta)

0 ∑
kmax

k2Å1

∑
lmax

l2Å1

2bO k ,k2,l ,l2 Qk ,lQk2,l2 [18] are used to avoid double counting interactions. The defini-
tions for the 1bO , 2bO are in Table 3 (notation in Table 4).

Thus, the sectional approach for the calculation of one-
where the definitions for 1bO k1,k2,k ,l1,l2,l , and 2bO k ,k2,l ,l2 are given

dimensional particle size spectra can be extended to provide
in Table 3. Notice that these bO are different than those of a transformation of the two-dimensional coagulation equa-
Eq. [13] because of a consolidation of terms. The two-di- tion to a series of coupled ordinary differential equations.
mensional approach involves significantly more calculations While this does make the computational problem more trac-
than the comparable one-dimensional system, Çs 4 for each table, it does greatly increase the computational burden over
equation and Çs 6 for the system, where s Å kmax Å lmax and that of the one-dimensional sectional approach.
there are s 2 sections.

As in the one-dimensional case, the assumption that ml ¢ Decreasing the Computational Cost of the 2-D Sectional
2ml01 and lk ¢ 2lk01 reduces the number of interactions Approach
which must be considered when calculating dQk ,l /dt because
conservation of m and l require that at least one of the two Although the two-dimensional spectrum and sectional ap-

proaches allow significantly more particle classes than doparticles in a collision that forms a particle in (k , l) is in
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25FRACTAL SCALING FOR HETERODISPERSE COAGULATION

TABLE 4 dimensional sectional approach involves assigning their
Notation mass to a single section which has particles with a range

of values for both m and l. Such a spread decreases the
Symbol Meaning monodispersity of the initial distribution and results in parti-

cles that do not strictly conform to m Ç l relationship.d Particle diameter
Furthermore, numerical dispersion causes the material toD Fractal dimension

D̂ Diffusion coefficient spread into nondiagonal sections during coagulation.
Ik,l Particle source For these reasons, it is an approximation to constrain ag-
k Boltzmann constant gregates to exist between the diagonals formed by multiple
L Aggregate length

particle sources for a two-dimensional sectional calculationm Mass of a particle
in what is denoted here as the diagonal constraint (DC). Am1 Mass of a unit particle

m̂i Particle mass of upper bound for section k calculation using all sections in a two-dimensional sectional
n Particle number spectrum grid is denoted as a full grid calculation (FG). The DC
N Number concentration of particles larger than a given approximation can significantly decrease the number of sec-

size
tions for which interactions must be calculated. As notedq Particle mass spectrum
earlier, the full grid procedure requiresÇs 4 terms to evaluateq̂l, q̂kl Time-varying part of sectional spectrum

Qi Total mass concentration of particulate material in all derivatives in Eq. [19]. Decreasing the effective number
section i of sections by half decreases the number of required calcula-

r Particle radius tions by three fourths.
r̂ Effective interaction particle radius
s Number of sectional divisions in m or l

An Example of the Use of the 2-D Sectional Approachrh Hydraulic radius (effective radius for drag)
t Time Marine ecosystems powered by micro-algae provide situa-
T Temperature

tions where multiple particle sources are important (e.g., 17,
£ Particle volume
w Particle fall velocity
Z Mixed layer depth
bij Coagulation kernal
bBr Brownian motion coagulation kernal
bds Differential sedimentation coagulation kernel
bsh Shear coagulation kernal for particles with masses mi, mj

Sectional interaction coefficients for 1D spectra1bU i,j,l, 2bU i,l,
3bU l,l, 4bU i,l

Sectional interaction coefficients for 2D spectra1bO k1,k2,k3,l1,l2,l3
2bO k1,k2,l1,l2

h Dynamic viscosity
g Shear rate
l Conserved fractal size
m Particle specific growth rate
n Kinematic viscosity

the analogous one-dimensional descriptions, not all of the
sections are equally important. For example, the aggregates
formed from an initially monodisperse system should all
have l } m (Eq. [1]) . In a plot of m versus l, all the particles
would lie along a straight line. For the two-dimensional
sectional approach in which ml Å 2ml01 and lk Å 2lk01 ,
the m-l line manifests itself as a diagonal across a two-
dimensional grid (Fig. 1) . Aggregates formed from two dif-
ferent particle sources coagulating independently of each
other should form two diagonals on a two-dimensional sec- FIG. 1. Schematic of allowable interactions. The darkest squares at (k

Å 5, l Å 3) and (k Å 2, l Å 6) represent sections in which source particlestional grid. Aggregates formed from the interaction of these
are formed. The diagonals with intermediate shading represent the sectionstwo particle types have m and l that lie on diagonals between
in which new particles would be formed by coagulation if there were nothe two diagonals (Fig. 1) .
interaction between the two sources. Lighter gray region represents the

The actual solution of two-dimensional sectional equa- sections where particle mass is formed by the interactions between the
tions generates particles in off-diagonal sections. Represent- sources and their diagonals. Implicit in this diagram is that ml Å 2ml01 and

lk Å 2lk01 .ing particles as being initially ‘‘monodisperse’’ in the two-
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bsh,ij Å 1.3g(rP i / rP j)
3 [21]

bBr,ij Å 4p(DO i / DO j)(rP i / rP j) [22]

bds,ij Å p(rP i / rP j)
2
Éwj 0 wiÉ [23]

where i , j are indices denoting the two interacting particles
and r̂i , r̂j are the effective interaction sizes, here defined
to be l1 /D

i , l1 /D
j . D̂i Å kT (6phr̂i )01 is the Brownian diffu-

sion coefficient for the i particle, with T the absolute tem-
perature, k the Boltzmann constant, g the average turbu-
lent shear, h the dynamic viscosity, and wi , wj the particle
fall velocities (19) .

The particle excess mass was used for m . For the mono-
mer, the excess mass is the total particle mass less the mass
of water displaced by the particle. The net gravitational force
on a particle is proportional to its excess mass.

The settling rate wi was calculated assuming a balance
between gravitational and drag forces:

w Å gm

6phrP i

[24]

where r̂i Å l1/D
i .

The system was completed by adding sources of new
FIG. 2. Excess mass distribution in time for different methods of calcu-

particles and settling losses of old particles to Eq. [19] inlating the spectrum for a single particle source in the section with smallest
the form of the termm and l (I1,1 Å mQ1,1 ) , Ik ,l Å 0 for (k , l) x (1, 1) . A: one-dimensional

particle spectrum approach with 10 sections (Eq. [13]); B: two-dimensional
approach with full grid; C: two-dimensional approach with diagonal con-
straint. Lines in B and C represent the sum of concentrations for all l Ikl 0

Qk ,l

Z *
lk

lk01
*

ml

ml01

nwm dm dl
sections with a given mass sectional parameter l calculated using a 10
by 10 section two-dimensional spectrum [q

V kl( t) Å Qkl( t) / (lml01ln(2))] .
Collisions that subtract mass from one section are allowed only if they add For the single-source simulations,
it to a section within the acceptable range. Dashed lines indicate matter
that accumulates in the largest sections. For t õ 11 d, sections with smaller
particles have higher mass concentrations. m Å 0.5 d01 , g Å 0.5 s01 , Z Å I1,1 Å mQ1,1

Ik ,l Å 0 for (k , l) x (1, 1)100 m, a0 Å 5 mm, m0 Å 0.15 ng.

18). Algal growth can provide an exponentially increasing For the two-source particle simulations,
particle source. Additional particles can be formed from or-
ganic material that they release, animal fecal pellets, and all Ik ,l Å mQ2,1 for (k , l) Å (1, 2) , (2, 1) ,

Å 0 otherwise. [26]
the other particulate residue of living organisms. Release of
colloidal organic material by phytoplankton can provide for
simultaneous production of two different particle types.

This formulation of particle growth mimics algal growthClassic coagulation models emphasize three mechanisms
dynamics (20).for particle-particle contact—Brownian diffusion, laminar

and turbulent shear, and differential sedimentation—which
RESULTSare assumed to act independently. Using the subscripts Br ,

sh , and ds to denote the different mechanisms, the total
Coagulation of a Single-Source Particle

interaction is given by (19)
Calculating the development of particle size distribution

using a one-dimensional sectional approach with a sourcebij Å bBr,ij / bsh,ij / bds,ij . [20]
similar to that of Eq. [25] shows the expected increase and
decrease in particle concentrations (Fig. 2A). Using onlyThe rectilinear formulations, in which the particles are as-

sumed to move independently until they collide, are used 10 sections and not allowing matter to leave the system by
coagulation of particles in the 10th section results in anhere (19):

AID JCIS 5435 / 6g42$$$103 04-29-98 06:22:25 coida



27FRACTAL SCALING FOR HETERODISPERSE COAGULATION

section, accentuates the differences between the full grid and
diagonally constrained systems once they start to diverge.
With a different source function, the systems could be more
similar.

There is a significant computational cost associated with
using the full two-dimensional spectrum rather than just the
diagonal case. This is not only because of the larger number
of calculations which must be made but also because the
larger full case requires tighter error constraints in the calcu-
lation. For example, it took 4.4 s of processor time to calcu-
late the interaction coefficients for the diagonally constrained
system and 248 s for the full 10 1 10 grid system using a
DEC 3000/600 workstation. Using a larger grid (20 1 20)
for the full grid system resulted in an even longer computa-
tion time, 4769 s.

The results were relatively insensitive to the form used to
represent g

V kl as a function of l within a section (Fig. 3) .

FIG. 3. Total excess mass concentrations in time for different calcula-
tion schemes of the two-dimensional spectra. The calculations are as in Fig. Coagulation of a Two Source Particles Using the Two-
2. — (thick): one-dimensional calculation; — (thin) , --: two-dimensional, Dimensional Particle Spectrum
diagonally constrained; – r, rrr: two-dimensional, full gird; --, rrr: qV kl( t)
Å Qkl( t) / (lml01ln(2)) ; — (thin) , – r: qV kl( t) Å Qkl( t) / (ml01lk01) . The preceding model was modified by adding a second

particle source in a different section. The lower value of its
l was half and its m twice that of the original particle source.accumulation of matter in that last section. The abnormally
The grid was expanded to 11 1 11 to accommodate the newhigh concentrations in it bias the particle interactions because
particle source while maintaining the length of the diagonallarge particles interact with and remove smaller particles

from other sections more rapidly, suppressing the accumula-
tion of matter in smaller particles until the large particles
settle out of the system. Simulating a natural situation more
realistically would involve adding more sections and includ-
ing disaggregation of the largest particles.

Casting the system in two dimensions and making the full
grid calculation results in a mass distribution that is only
slightly different (Fig. 2B) from the one-dimensional simu-
lation. The total mass in the system is almost the same until
the material in the last sections begin to dominate, at which
point the total mass becomes as much as 25% greater in the
two dimensional system (Fig. 3) .

Imposing the diagonal constraint on the two-dimensional
system results in a larger accumulation of mass through time
that is particularly evident when the mass accumulates at
the last sections (Fig. 2B, 3). Examination of the interaction
terms shows that this results from not allowing collisions
between particles from different sections that create new
particles that are in off-diagonal sections. As a result of

FIG. 4. Total excess particle mass in the presence of two particlethe smaller bounds on allowable interactions, the interaction
sources. The first particle source is the same as that in Fig. 2 and is at (k ,

coefficients are smaller. The decreased interaction rates do l) Å (2, 1); the second source has values of m twice as large and l half
not affect interactions between particles from the same sec- as large as those of the first. The source of the first particle is the same as

the previous case, (k , l) Å (1, 2); the rate of addition of the second particletion because they form a particle that is also on the diagonal.
is the same as that of the first. — : diagonally constrained interactions (seeThe dominance of collisions between particles in the same
Fig. 1); --: full grid interactions; – r: the single source particle, full-gridsection keeps the diagonal and nondiagonal two-dimensional
simulation from Fig. 3; rrr: one-dimensional case m Å 1 d01 . The calcula-

calculations similar. tion is made for a two-dimensional grid of 11 sections by 11 sections.
The formulation of the source term, which is not constant Because of the size relationships of the two source particles, there are 10

sections along the diagonal for each source particle.but is proportional to the particles concentration in the first
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same. An increase in the addition rate for the single-source
particle system not only increased the total particle concen-
tration early in the simulation but also increased the maxi-
mum particle concentration (Fig. 4) . This difference sug-
gests that increasing the range of particle processes will have
a substantial difference on the system dynamics.

Summing the masses for sections with the same m interval
reiterates the similarity between the diagonally constrained
and full-sectional simulations, particularly before day 11.
This similarity is closer than that for the single-source parti-
cle simulations (e.g., Fig. 5) . Much of this similarity exists
because most of the particles do occur along the sections
which are allowed in the diagonally constrained sections
(Fig. 6) .

DISCUSSION

The two most important properties of coagulating particles
are their masses and lengths. Extending coagulation theory to
describe the dynamics of particles under the heterogeneous
conditions of natural waters requires the ability to predict
the length of a formed after the collision of two dissimilar

FIG. 5. Two-dimensional particle size spectra for one source particle
at t Å 10 d. The spectra consist of patches which have constant shape
within the lower and upper sectional bounds whose shading darkens for
smaller values. The particle size spectra as a function of excess mass and
particle diameter is calculated from computational results by using n(m ,
d , t) Å n(m , l, t)r(dl /dd) . A: diagonal constrained interaction; B: full
grid interaction. These represent the cases shown in Fig. 2C, B.

associated with the original particle source at 10 sections.
In the new grid, the original source is in section (k , l) Å
(2, 1) , while the new particle source is in section (k , l) Å
(1, 2) . Particles could interact with other particles in the
sections along three diagonals in the DC case: diagonals
associated with each of the source particles and a diagonal
between them (e.g., Fig. 1) . The input rate for the new
source was the same as for the original particle source (Eq.
[26]) . Thus, new particle production remained proportional
to the concentration of the original particle source, although
now twice as fast.

The total excess mass was almost the same in the diago-
nally constrained and the full grid simulations. The two sys-
tems diverged slightly only at t Å 11 d, when the mass
accumulated in the largest section (Fig. 4) . One difference
between the one and two source particle simulations was the
increased mass input rate associated with the model formula-

FIG. 6. Two-dimensional particle size spectra for two particle sources
tion, which is manifested as a more rapid increase in total at t Å 10 d. n(m , d , t) calculated as in Fig. 5A: diagonal constrained
biomass. However, the maximum particle concentration for interaction, in which the allowable region is along three diagonals; B: full

grid interaction. The display is for the calculation in Fig. 4.the one and two source FG simulations were essentially the
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particles. The new variable put forward here, l, has the cle concentration and particle removal rate, such as that
developed by Farley and Morel (23) .advantages of being conserved in the process of forming a

new particle, being simply related to particle length, and
being consistent with fractal scaling. ACKNOWLEDGMENTS
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