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Fractal dimensions of marine aggregates are often
estimated from the measured slopes of particle size
spectra. One technique uses dimensional analysis to
determine the dependence of the spectrum’s slope with
fractal dimension. In this paper, we use numerical simulations
to examine the assumptions underlying the dimensional
analysis approach to particle size spectra. We find that the
slopes of numerically computed steady-state particle

size spectra disagree with those predicted by dimensional
analysis. The assumptions underlying the dimensional
analysis approach that are responsible for the disagreement
are as follows: only one coagulation mechanism operates
in each particular particle size range, particle loss
through sedimentation occurs at particle sizes larger than
those for which differential sedimentation dominates,
particles only interact with like-sized particles. Including
disaggregation steepens the slope of the particle size spectrum
for both large and small particles and changes the

shape of the spectrum. These results indicate that one
should exercise caution when using the measured slopes
of particle size spectra to estimate aggregate fractal
dimension.

Introduction

Coagulation is an important process affecting the dynamics
of particles in aquatic systems. It can control particle
sedimentation in freshwater and oceanic environments (1,
2) and coagulation models and has been used to explain
oceanic particle size spectra (3—5) as well as to describe the
fate of algal blooms (7), trace metal scavenging (8, 9), and
coagulation of metal oxides in aquatic systems (10, 11).

Coagulation models lead to the formulation of an equation
(Smoluchowski’s equation) for the evolution of the particle
size spectrum that does not admit closed-form analytic
solutions except under very special conditions (12). For other
situations, solutions must be found using either suitable
approximations or numerical methods. Two widely used and
convenient approaches are the self-similar approximation
and dimensional analysis.

Friedlander and co-workers (13—16) introduced and
developed the self-similar approximation for solving the
coagulation equation in order to explain the Junge spectrum
found in atmospheric aerosols (see also ref 17). Such self-
similar solutions are consistent with Smoluchowski’s equa-
tion provided the coagulation rates satisfy certain homo-
geneity properties (18). They also agree well with numerical
solutions for aerosols (19—21). However, aerosol research
concentrates on particles <1 um, a size region where
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Brownian coagulation dominates. Scaling theory has also
been used to find solutions to the coagulation equation for
fractal particles in aquatic systems (22).

Aggregation is known to lead to particles having a fractal,
as opposed to solid, structure (23). In aquatic systems,
particles range from colloidal (1 nm—1 um) to the centimeter
size range (24) where shear and differential sedimentation
are the dominant mechanisms causing particle collisions.
Wu and Friedlander have shown that for aerosols, low fractal
dimensions increase the growth rate and lead to a broader
particle size distribution (25); similar results were also
observed for aggregation in aquatic systems in the numerical
simulations of Burd and Jackson (26). Dimensional analysis
arguments have been used to calculate size spectra for
nonfractal marine particles (4, 27) as well as for fractal
particles (5). These results have been used to estimate fractal
dimensions of marine aggregates in a mesocosm (6).

Fractal dimensions of marine particles have been mea-
sured and range from 1.26 to 2.4 (28, 29). Jiang and Logan
(5) estimated aggregate fractal dimensions using a dimen-
sional analysis approach. The particle size spectrum in the
steady state over a particular size range is assumed to be a
power law function, n(r) ~ r° (4, 5). For fractal particles, the
calculated slopes are (5)

dg = —(1 + 0.5D) (1)
8y, = —(D + 5)/2 )

1 2+D-D,
6ds=_§(3+D+W) (3)

where D, isafunction of D and b is a function of the Reynolds
number Re: D, =D if D < 2, otherwise D, = 2. For D = 3,
dgr and Osh are the same as those derived by Hunt for solid
particles; for Re <0.1, dqs is the same as that of Hunt (4) but
for Re >0.1 is slightly smaller than Hunt’s value.

The assumptions used in this approach include the
following:

(i) The particle size distribution is in steady state, with
source particles being created at a constant rate. Particles
are removed from the system by sinking.

(if) Only one mechanism (Brownian motion, shear and
differential sedimentation, settling) operates at a given
particle size range. For example, aggregation via Brownian
motion dominates for particles of radius ry; shear for particles
in the size range r; < r < ry; differential sedimentation for
the size range r, < r < rg; only particles larger than r; can
settle out of the system. Implicit in this assumption is that
particles coagulate with like-sized particles only.

(iii) The probability that two particles will adhere once
they have collided (the sticking efficiency) is constant.

Not all of these assumptions necessarily hold. For example,
under certain conditions, multiple aggregation processes can
operate with similar rates for particles of a given size (2). An
additional complication arises for particles that are large
enough to sediment out of the system (17). The dimensional
analysis approach does not incorporate the fact that sedi-
menting particles also coagulate by differential sedimenta-
tion.

The utility of the dimensional analysis approach is further
compromised by not including disaggregation. Most particle
size models for aerosols do not include particle breakup.
Jackson and co-workers (24, 30) have shown that disaggre-
gation isan important factor in predicting particle size spectra
in marine systems. Analytical solutions of systems with only
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fragmentation have been shown to admit nonscaling solu-
tions for homogeneous breakup kernels (31). As a result, the
solutions may exhibit behavior that is not self-similar when
disaggregation is included.

The aim of this paper is to examine some of the
assumptions underlying the dimensional analysis approach
to steady-state particle size spectra. We do this by comparing
the slopes of the particle size spectrum calculated using eqs
1-3 with those obtained from numerical calculations for
particles ranging from 1 um to 1 mm in radius. We perform
different numerical simulations by incorporating the as-
sumptions i—iii listed above separately and together. We also
examine the effects of a simple disaggregation model.
Together, these results indicate that caution should be
exercised when using a dimensional analysis approach to
estimate fractal dimensions.

Coagulation Model

The particle size spectrum, n(m, t), is defined such that n(m,
t) dm expresses the number concentration of particles in the
mass interval m to m + dm. In the mean field theory, the
evolution of n(m, t) in a well-mixed layer of thickness Z is
determined from Smoluchowski’s coagulation equation:

w = %Lma(ml' m — m,)A(m;, m — m;)n(my, t) x

n(m — my, t) dm; — n(m, t)f:oa(m, myBm, m,) x

w(m)
Z

n(m,, t) dm, — n(m, t) + ¢(m) (4)

where g(m, m,) is the coagulation kernel for the collision
between particles with masses m and mi, a(m, m;) is the
probability that the two particles stick once they have collided,
w(m)is the particle settling velocity, and ¢(m) the particle
input rate (32).

We shall write the coagulation kernel as a sum of three
terms as

B(my, my) = Bg (Mg, My) + Byp(my, My) + By(my, my) (5)

where the subscripts Br, sh, and ds refer to Brownian
diffusion, shear, and differential sedimentation, respectively.
This form implies that the coagulation mechanisms act
independently (32).

For Brownian diffusion, the kernel for the collision
between particles of radii r; and r; is given by

Be(ri, 1) = 4a(; + D)(ri + 1)) (6)

where & = kgT(67uri) "t is the diffusion coefficient for particle
i, kg is Boltzmann’s constant, T is the absolute temperature,
and u is the dynamic viscosity of the fluid.

The kernels for shear and differential sedimentation
involve an additional level of complexity: the inclusion of
hydrodynamic forces. These forces are ignored in the
rectilinear approximation which, for coagulation by shear,
gives

Banlris 17) = (4£3)y(r; + 1r)* @)

where y is the average shear gradient. For differential
sedimentation, the rectilinear kernel is

Bas(ris ;) = 7(r; + rj)2|Wj - Wil (8)

where w; and w; are the settling velocities of the particles i
and j (e.g., ref 32).

In contrast to a solid body, there is no single, natural

measure of the length of a porous aggregate. For a solid
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sphere, the radius (r) and volume (v) are related by v = (4/
3)zzrs. The irregular shape of an aggregate requires more than
one length measurement to accurately characterize its shape.
Alternatively, one can use an average measure of the aggregate
size. The radius of gyration (or root mean square radius), rq,
is commonly used because it can be easily measured using
photographic techniques. Another common measure is the
radius of the equivalent volume sphere, r, (i.e., the radius of
the sphere having the same volume as the particulate material
comprising the aggregate). The radius of gyration is used in
this work unless stated otherwise. In previous work (26), we
made use of the radius of the sphere that enclosed the
aggregate volume. Our use of the radius of gyration in this
work allows us to include some of the drag effects in the
expression for the settling velocity.

As the solid mass of an aggregate is conserved in
coagulation, we use it as the currency in our numerical
simulations. Fractal scaling provides a relationship between
particle mass and radius (33):

m = kr,” (9)

where D is the fractal dimension and k is a constant. If the
monomer particles are spheres of constant density po and
radius ao = (3v/47)Y3, then k = (3/5)"P/2(4/3)mpoac®P.

Particle settling velocity can be determined using a form
of Stoke’s law modified to allow for the fractal nature of the
particles:

w=20P0" P03

\

W oy ’ (10
where po is the density of the monomer particle, g is the
acceleration due to gravity, pn the density, and v is the
kinematic viscosity of the water.

Various models for disaggregation have been proposed
(34, 35). The formulation used here follows that of Jackson
(30) where the breakup rate of particles in a section was
given as being proportional to the rate in the previous, smaller
section. For the kth section, this gives a breakup rate of

breakup rate in kth section = cb* (11)

The values of the constants ¢ and b were taken from ref 30:
¢ = 0.2, b = 1.45 for curvilinear kernels; ¢ = 13.0, b = 1.31
for rectilinear kernels. The mass arising from particle breakup
was spread uniformly over all sections smaller than that of
the source particle. Results from this coagulation model have
been previously compared with particle size spectra obtained
from a mesocosm experiment (30).

Models of aggregate breakup can be quite involved (36—
38). We have elected to use a far simpler model because of
the many ucertainties that arise in using a more complex
model. For example, marine aggregates are highly hetero-
geneous, containing dense fecal pellets, algal cells, and
polysaccharide material. The size distribution of daughter
particles resulting from the breakup of such an amalgam is
presently unknown, as is the binding strength of material
within the aggregate.

The numerical solution of eq 4 was obtained using the
sectional approach (39, 7). All code was written in FORTRAN-
77 and run on a DEC-Alpha 3000. The input rate, ¢(m), was
constant with time and taken to be non-zero only in the first
section where it was constant. This input function simulated
a monomeric source. The steady-state solutions, dn/dt = 0,
were obtained using a globally convergent Newton’s method
for nonlinear systems (40). When disaggregation was in-
cluded, this numerical scheme occasionally resulted in
negative particle concentrations. When this happened, we
integrated the system using a Bader—Deufflhard algorithm
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FIGURE 1. Comparison of the modeled steady-state particle size spectrum (solid line) with slopes for the size spectrum calculated using
egs 1-3. The different panels show the effects on the modeled size spectrum when assumptions i—iii in the text are imposed: (a) no
additional assumptions, (b) only particles larger than 40 gm sinking out of the system, (c) no particles in the simulation sink out, and (d)
no particle sinking and only one coagulation mechanism operates in each size range.

designed to deal with stiff systems (40) until a steady state
was reached.

For the simulations shown here, the monomer density
was 1.2 g cm~3, the shear was y = 0.1 s7%, the depth of the
water was 10 m, the fractal dimension was D = 3, and the
stickiness a. = 1. We chose to show results for D = 3 since
our expectation was that this would be case where the two
methods would agree the best. Simulations (not shown here)
were run for varying parameter values but produced quali-
tatively the same results.

Results

The numerically derived steady-state particle size spectrum
shows three distinct regions (Figure 1). For particles less than
about 1 um in radius, the size spectrum has a constant
negative slope. In this region of the size spectrum, Brownian
motion is the dominant mechanism bringing particles
together, and particle settling is negligible because of the
small excess densities of the particles. The slope of the size
spectrum steepens as the particle radius increases to between
1 and 10 um. In this second region, shear is the dominant
aggregating mechanism, and some of the larger particles
have sufficient settling velocities to sink out of the mixed
layer. For particles larger than about 10 um, differential
sedimentation leads to significant steepening of the size
spectrum.

Apart from in the Brownian region (r < 1 um), the slopes
of the size spectrum predicted using eqs 1—3 do not match
those resulting from the numerical solution of eq 4 (Figure
1 and Table 1). The results of running the numerical model
imposing each of the assumptions enumerated in the
Introduction are shown in Figure 1.

The results of assuming that only particles large enough
to be dominated by differential sedimentation can settle are
shown in Figure 1b. The slopes of the numerically computed
size spectrum agree with those calculated from eqs 1-3in
the Brownian and shear regions. However, for the larger

TABLE 1. Comparison of Particle Size Spectrum Slopes in
Figure 12

Brownian shear diff. sed.

standard (Figure 1a)
min. size for settling
(Figure 1b)
no settling (Figure 1c) —2.5(—2.5) —6.3(—4.0)
no settling, 1 mechanism —2.5(=2.5) —4.0 (—4.0)
per size range
(Figure 1d)

—2.5(—2.5) —5.0(—4.0) —14.5(—4.5)
—2.5(—2.5) —4.3(—4.0) —14.9 (—4.5)

—2.9 (—4.5)
—4.6 (—4.5)

a Fitted slopes for the numerically calculated size spectra are shown
with those calculated from eqgs 1—-3 in parentheses.

particles, the numerical model predicts a far steeper slope
than one would calculate from dimensional analysis.

If we assume that only particles greater than the largest
size used in the simulation can settle, then the slope in the
differential sedimentation region of the size spectrum is flatter
(Figure 1c, note the change in axis). However, in the shear
region, the model predicts a steeper slope than that obtained
from the dimensional analysis. If in addition we assume that
only one aggregation mechanism operates in each size range,
then the slopes of the particle size spectrum computed from
the numerical model agree with those calculated using
dimensional analysis (Figure 1d).

The disaggregation model used has a profound effect on
the particle size spectrum (Figure 2), changing n(r) from a
power law to a distinctly bimodal distribution. As expected,
disaggregation decreased the particle concentration for the
largest particles (r > 40 um). In addition, the slope of the
spectrum for particles with r < 0.1 um was increased. These
results strongly conflict with the slopes predicted by the
dimensional analysis.

Discussion

The slopes of the steady-state particle size spectragenerated
numerically disagree with those given in egs 2 and 3. The
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FIGURE 2. Comparison of the calculated steady-state particle size
spectrum including disaggregation (dashed line) and without
disaggregation (solid line).

differences between the two methods arise not from the
assumption of steady state but rather from the ancilliary
assumptions made in the dimensional analysis. This indicates
that caution should be exercised when estimating aggregate
properties using eqgs 2 and 3.

The shape of the particle size spectrum results from an
interplay between several competing mechanisms; particle
creation, coagulation, sinking, and disaggregation. In natural
systems, these mechanisms all operate over a range of particle
sizes. For example, large particles that coagulate predomi-
nantly via differential sedimentation also sink, some of them
quite rapidly. Predicting the steady-state shape of a particle
size spectrum or inferring properties of the particles from
the slope of the spectrum requires balancing all these
processes for each particle size class.

The simulations presented here were made using recti-
linear coagulation kernels. These are the simplest formula-
tions to use, but they neglect the effects of fluid interactions
between the particles as well as electrostatic and other forces
on the particles (41). These interactions can be incorporated
into curvilinear kernel formulations (32). A large particle
falling through the water column has to push water from out
in front of it as it moves. Smaller particles in the fall line of
the larger one follow the fluid streamlines and can get carried
far enough away from the larger particle to avoid collision.
This interaction affects collisions arising from shear and
differential sedimentation and reduces the collision rate of
the particles. The result of this is that particles have a greater
probability of settling out of the system before aggregating
to larger sizes; there are less large particles if curvilinear
kernels are used. Consequently, the particle size spectrum
using a curvilinear coagulation kernel would be steepened
for particle size greater than about 1 gm.

In the absence of disaggregation, there are two mecha-
nisms by which particles can leave the size domain of the
model. First, since they can sink, they can settle out of the
mixed layer. Alternatively, if the mixed layer is sufficiently
deep and the particle sinking rate sufficiently low, the particles
can aggregate forming particles larger than the size range
being considered. If one stops one of these mechanisms, for
example, by assuming that only particles larger than those
being considered can settle, then one will increase the
number of large particles in the system (Figure 1b,c).

In general, the coagulation eq 4 admits no analytical
solutions (12). Consequently, developing approximate solu-
tions and behaviors is an invaluable exercise. For particles
with r < 1 um, the assumptions used in the dimensional
analysis arguments hold to a good degree of approximation
(Figure 1); however, in marine systems, particle size spectra
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below 1 um are seldom measured. Particles in this size range
are aggregated out of the size range most rapidly by Brownian
motion. Natural, colloidal sized particles settle very slowly,
far slower than the rates of aggregation of these particles (3).
Some of these particles will interact with larger particles via
differential sedimentation, but these latter particles are
sufficiently rare that they do not cause a significant reduction
in the concentration of colloids.

For particles larger than about 1 um, some of the
assumptions listed in the Introduction do not hold. Consider,
for example, those particles that aggregate predominantly
via differential sedimentation. In order for steady-state
conditions to hold, the rates at which particles of a given size
are created must balance those removing particles of that
size, either through forming larger particles or by removing
the particles from the system altogether (17). Balancing
settling losses and differential sedimentation introduces the
thickness of the water column Z into the analysis. For large
values of Z and small settling velocities of large particles,
particles can have the opportunity to aggregate further. In
such cases, the assumptions underlying the dimensional
analysis may hold. But for rapidly settling particles, such as
fecal pellets, this may not be the case.

Incorporating the assumption that only one aggregation
mechanism operates in each size range introduces sharp
transitions in the particle size spectrum (Figure 1c) because
the rates of aggregation either side of the division are not
equal. The result is either an accumulation or relative deficit
of particles at the transition size.

Disaggregation is an additional mechanism that can affect
the shape of steady-state particle spectra. Aggregation works
in one direction, always moving material into larger size
classes until the particles are large enough to settle out of the
system. Disaggregation works in the opposite direction,
creating smaller particles and thereby keeping material in
the system for a longer time.

Incorporating disaggregation into the numerical simula-
tion results in a profound change in the particle size spectrum
since it affects not only the size spectrum for the larger
particles but also smaller particles that would normally only
be affected by Brownian coagulation. Fragmentation of larger
particles increases the number concentration of particles
between about 1 and 10 xm. Because these smaller particles
sink slowly, they are removed at a slower rate. The increased
numbers of these particles leads to a decrease in the
submicron sized particles through coagulation. The move-
ment of mass to particles in the 1—10 um range creates a
maximum in the particle size spectrum there and a local
minimum in the size spectrum in the submicron range. This
has the effect of steepening the particle size spectrum for
large and small particles.

Including disaggregation impedes the continual formation
of larger particles, effectively forming a “wall” in the particle
size spectrum. In this sense, disaggregation acts rather like
a snow fence, forcing material to accumulate in a certain
particle size range and preventing the cascade of particles
from smaller to ever increasing sizes. Larger particles have
a high probability of getting broken up before they are able
to settle out of the system, and the accumulation of material
in a particular size range increases the rate of aggregation
from smaller particles. The size range where material
accumulates will depend on a balance between rates of
aggregation and disaggregation; in this simulation, the
balance is achieved for particles with r ~ 1 um.

The shape of the particle size spectrum now arises from
abalance between coagulation, settling, and disaggregation.
Disaggregation allows for material lost from one particle size
classto be introduced into awide range of smaller size classes.
In other words, it allows for the immediate redistribution of
material between widely separated size classes without



passing through intermediate classes. For example, particles
may be reintroduced into the submicron size range from the
breakup of particles larger than 100 um. What happens at r
~ 1 um in the Brownian region is directly affected by
mechanisms operating in the size range dominated by
differential sedimentation. This re-distribution of material
is nonlocal in that particles enter a given size class from
much larger size classes. This strongly impacts the assump-
tions used in the dimensional analysis approach.

The disaggregation model that we used was a relatively
simple one, with daughter particles being distributed uni-
formly over all sections smaller than that of the parent
particle. More complex models (35—38) distribute the
daughter particles nonuniformly. This will have a more
complex effect on the shape on the steady-state spectrum.
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